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(1) $u_{t}=F(u, u_{x}, u_{xx}, \cdots)$
, $u=u(x, t)$ . (1) $S$ .
, . , $S$ $\psi$ : $Sarrow S$
(1) . $G=\{\psi\}$ .
Lie , $G$ Lie . , 1-
$G$ $\psi_{\epsilon}$ , $\psi_{0}=id$ .
$\varphi=\frac{d}{d\epsilon}\psi_{\epsilon}|_{\epsilon=0}$
, $\varphi$ $g$ $G$ Lie . $S\ni u$ , $u$
(1) :
(2) $v_{t}=F^{*}(u;v) \equiv\frac{d}{d\epsilon}F(u+\epsilon v)|_{\epsilon=0}$ .
(2) $T_{u}S$ , $\psi_{\epsilon}(u)\in S$ $\varphi(u)\in T_{u}S$ . $g$




. , $9^{\ni}\ni\varphi$ “l-parameter
” $\exp\epsilon\varphi$ . $\exp\epsilon\varphi$




$[ \varphi, \psi]=\frac{\partial^{2}}{\partial s\partial t}\exp s\varphi\exp t\psi\exp(-s\varphi)|_{s=t=0}$
,
(3) $[ \varphi, \psi](u)=\frac{d}{d\epsilon}\varphi((\exp\epsilon\psi)u)|_{\epsilon=0}-\frac{d}{d\epsilon}\psi((\exp\epsilon\varphi)u)|_{\epsilon=0}$
( ) . ( Example 2 \S 2 )
Example 1. (Lie-B\"acklund )




, . $u\in S$
$= \frac{\partial\varphi}{\partial u}u_{t}+\frac{\partial\varphi}{\partial u_{x}}u_{xt}+\frac{\partial\varphi}{\partial u_{xx}}u_{xxt}+\cdots$
$= \frac{\partial\varphi}{\partial u}F+\frac{\partial\varphi}{\partial u_{x}}F_{x}+\frac{\partial\varphi}{\partial u_{xx}}F_{xx}+\cdots$
, (4) $u,$ $u_{\dot{x}},$ $u_{xx},$ $\cdots$
$\frac{\partial\varphi}{\partial u}F+\frac{\partial\varphi}{\partial u_{x}}F_{x}+\frac{\partial\varphi}{\partial u_{xx}}F_{xx}+\cdots=F^{*}(u;\varphi(u))$
. Symmetry $Lie- B\ddot{a}cklund$
. , [5] .
$Lie- B\ddot{a}cklund$ , generalized symmetry .
Example 2.
$g=g(\rho, z)$ 2 , $\det g=-\rho^{2}$
. $g$ .
(5) $\partial_{\rho}(\rho g^{-1}\partial_{\rho}g)+\partial_{z}(\rho g^{-1}\partial_{z}g)=0$ .
, $\varphi(u)$ $u$ ( $u$
) $\delta u$ . (5)
.
(6) $\delta_{1}g={}^{t}Ag+gA$, $A\in sl(2, \mathbb{R})$ .
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$\delta_{2}$ symmetry .
(7) $\delta_{2}g=(\begin{array}{ll}g_{11}\psi_{11} g_{11}\psi_{21}g_{11}\psi_{21} +-g_{22}\psi_{11}2g_{12}\psi_{21}\end{array})$ .
$\psi=(\psi_{ij})_{1\leq i,j\leq 2}$ potential .
(8) $\{\begin{array}{l}\partial_{\rho}\psi=\rho^{-1}g\sigma\partial_{z}g\partial_{z}\psi=-\rho^{-1}g\sigma\partial_{\rho}g\end{array}$ $\sigma=(\begin{array}{ll}0 1-1 0\end{array})$ .
1
$g$ $\Psi=\Psi(g)$ , symmetry $\delta g$
. , $\delta\Psi$ $g$ $\delta g$ $\Psi$ . (8)
$\psi$ $\delta\psi$ potential .
$\{\begin{array}{l}\partial_{\rho}(\delta\psi)=\rho^{-1}(\delta g)\sigma\partial_{z}g+\rho^{-1}g\sigma\partial_{z}(\delta g)\partial_{z}(\delta\psi)=-\rho^{-1}(\delta g)\sigma\partial_{\rho}g-\rho^{-1}g\sigma\partial_{\rho}(\delta g)\end{array}$
(3) 2 symmetry $\delta_{1},$ $\delta_{2}$
$[\delta_{1}, \delta_{2}](g)=\delta_{2}(\delta_{1}g)-\delta_{1}(\delta_{2}g)$
. (6), (7) 2 symmetry $\delta_{1},$ $\delta_{2}$
potential $\delta_{1}\psi$ . ,
potential . , $\delta_{1},$ $\delta_{2}$ algebra
, loop algebra $sl(2, \mathbb{R})\otimes \mathbb{R}[t, t^{-1}]$
. potential
, ” ” .
type symmetry ? non-local symmetry , hidden symmetry
,
. $[6]-[10]$ .
soliton $S$ , $S$
, Example 1, 2
.
\S 2. Differential Algebra
. (1)
, $F$ $u$ . $\mathcal{A}_{0}$ $u$
26
: $\mathcal{A}_{f}=\mathbb{C}[u, u_{x}, u_{xx}, \cdots]$ . $\mathcal{A}_{0}$ $\partial_{t}$ .
$\partial_{t}u=F,$ $\partial_{t}u_{x}=F_{x},$ $\partial_{t}u_{xx}=F_{xx},$ $\cdots$
$\partial_{x}$ $[\partial_{x}, \partial_{t}]=0$ $\{A_{0};\partial_{x}, \partial_{t}\}$ ( differential algebra .
pseudopotential $v$ .
(9) $\{\begin{array}{l}v_{x}=f(u,u_{x},u_{xx},\cdots v)v_{t}=g(u,u_{x},u_{xx},\cdots v)\end{array}$
$v$ . (9) $u\in S$
. $\mathcal{A}_{0}$ $v$ $A$ : $\mathcal{A}=\mathcal{A}_{0}[v|$ . $\mathcal{A}$ (9)
, $\partial_{t}$ , . ,
differential algebra $\{\mathcal{A};\partial_{x}, \partial_{t}\}$ $\{\mathcal{A}_{0};\partial_{x}, \partial_{t}\}$ .
$\mathcal{A}$ $\delta$ : $\mathcal{A}arrow \mathcal{A}$ , $\partial_{x}$ , . [ $\partial_{t},$ $\delta|(u)=0$
$( \delta u)_{t}=\delta F=\frac{\partial F}{\partial u}\delta u+\frac{\partial F}{\partial u_{x}}(\delta u)_{x}+\cdots$
, $\delta u$ (2) (1) symmetry
. , , $[\partial_{x}, \delta](v)=0$ $[\partial_{t}, \delta](v)=0$
$\{\begin{array}{l}(\delta v)_{x}=\delta f(\delta v)_{t}=\delta g\end{array}$
, symmetry $\delta u$ $\delta v$ . pseudopo-
tential $v$ symmetry $\partial_{x},$ $\partial_{t}$ $\mathcal{A}$ $\delta$
. , Lie-B\"acklund $\partial_{x},$ $\partial_{t}$ $\delta$ : $\mathcal{A}_{0}arrow \mathcal{A}_{0}$ .





. , $\lambda$ , $q$ $r$ . (10)
(11) $P_{t}-Q_{x}+[P, Q]=0$
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$Q$ (11) $\lambda$ , $Q_{j}$ .
$Q_{1}=(\begin{array}{ll}0 qr 0\end{array})$ , $Q_{2}= \frac{i}{2}(\begin{array}{ll}-qr q_{x}-r_{x} qr\end{array})$ .
$Q_{j}$ $q$ $r$ . $Q_{j}$ , $q$
$r$ $0$ .
. $Q$ $Q^{(n)}$ , $t_{n}$ .
. ([4])
$Q^{(n)}=\lambda Q^{(n-1)}+Q_{n}$ , $Q^{(1)}=P$, $Q^{(n)}\in sl(2, \mathbb{C})$ .
, (11) $\lambda$ $q$ $r$ . $n=2$
(12) $\{\begin{array}{l}q_{t_{2}}=\frac{i}{2}(q_{xx}-2q^{2}r)r_{t_{2}}=-\frac{i}{2}(r_{xx}-2qr^{2})\end{array}$
compatible . $n=2,3,$ $\cdots$
(13) $P_{t_{n}}-Q_{x}^{(n)}+[P_{1}Q^{(n)}]=0$
AKNS hierarchy . (12) $r=\mp q^{*}$ nonlinear Schr\"odinger
.






. (13) . $\Phi$ $\lambda$
$\Phi=\sum_{j=0}^{\infty}\Phi_{j}\lambda^{j}$
. $\mathcal{A}$ $q,$ $q_{x},$ $q_{xx},$ $\cdots$ $r,$ $r_{x},$ $r_{xx},$ $\cdots$ $\Phi_{r}$
. $\mathcal{A}$ $\partial_{x},$ $\partial_{t_{n}}$ $\{\mathcal{A};\partial_{x}, \partial_{t_{n}}\}$ differential algebra .
$\partial_{x},$ $\partial_{t_{n}}$ $\mathcal{A}$
$\delta$ , $\Phi\in SL(2, \mathbb{C})$
$\delta(\det\Phi)=0$ . $L\in sl(2, \mathbb{C})$ $j\geq 0$
$\delta_{j}^{L}$ : $\mathcal{A}arrow \mathcal{A}$ .
$\delta_{j}^{L}P=0$
$\delta_{j}^{L}\Phi=\lambda^{j}\Phi L$ .
, $\Phi$ $\lambda$ $\lambda$
$\Phi(\lambda)$ . $L\in sl(2, \mathbb{C})$ $\lambda$
$\delta_{-}^{L}(\lambda)$
$\delta_{-}^{L}(\lambda)P=$ [ $-iH$, Ad $\Phi(\lambda)\cdot L$]
$\delta_{-}^{L}(\lambda)\Phi(\mu)=\frac{1}{\lambda-\mu}\Phi(\mu)\{Ad\Phi(\mu)^{-1}\Phi(\lambda)\cdot L-L\}$




(1) $L\in sI(2, \mathbb{C}),$ $i\in Z$ , $\delta_{j}^{L}$ ( symmetry .
(2) $[\delta_{i}^{L}, \delta_{j}^{M}]=\delta_{i+j}^{[L,M]}$ .
(2) $\{\delta_{j}^{L}\}$ Lie loop algebra $sl(2, \mathbb{C})\otimes \mathbb{C}[\lambda, \lambda^{-1}]$
.
$r=\mp q^{*}$ , $\lambda$ real $P$ $Q^{(n)}$ $su(2)$
$sl(2, \mathbb{R})$ Lie
$\{(\begin{array}{ll}ia bb^{*} -ia\end{array})|a\in \mathbb{R},$ $b\in \mathbb{C}\}$
, symmetry algebra $su(2)\otimes \mathbb{R}[\lambda, \lambda^{-1}]$ $sl(2, \mathbb{R})\otimes \mathbb{R}[\lambda, \lambda^{-1}]$
. [3] .
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